Abstract.
It is shown that a power series can be diluted to become (C, 1) summable outside the radius of convergence if and only if it overconverges.
Let (1) E a»z" n-0 be a power series with radius of convergence 1. It clearly cannot be (C, 1) summable for any |z| >1, since for such z, anzn9£o(n). Sometimes however it can be diluted (i.e., zeros inserted between the terms) to become (C, 1) summable.
In this paper we show that this happens if and only if the series overconverges.
In what follows sp(z) will always denote the pth partial sum of (1). If U is an open set and F"(z) is a sequence of functions on U converging uniformly on every compact subset of U, then we say FH converges almost uniformly (a.u.) on U. The series (1) is said to overconverge a.u. on U, if there exists a subsequence sPn(z) of partial sums converging a.u. on U. A series E/«(2) 's sa'd to be (C, 1) summable a.u. on U, if the sequence of (C, 1) means of the partial sums is a.u. convergent on U. A diluted sequence is a sequence obtained by repeating the terms; if we dilute a series Lan by inserting e" zeros between an and an+x, then the sequence of partial sums gets diluted by repeating the wth partial sum en+l times. If a sequence of functions is a.u. convergent then it remains so after we dilute it. The sequence of (C, 1) means of an a.u. convergent sequence is a.u. convergent.
Theorem.
Let U be an open neighborhood of a point \zx\ > 1. Then the series (1) can be diluted to become (C, 1) summable a.u. in U if and only if it overconverges a.u. on U.
Proof. Assume (1) overconverges. Let s"t(z) be a.u. convergent on U; for simplicity assume nx^l. Let Kn be an increasing sequence of We now dilute (1) by inserting ek zeros immediately after anjtzn*; ek to be chosen in a moment. This dilutes the sequence of partial sums by having snt repeated ek +ltimes.
The sequence j<r"(2)} of (C, 1) means of the partial sums of the diluted series will have the following form:
The last terms on the right-hand side of (2) and (3) Since Dkj is bounded and cr* converges a.u., we conclude from (5) that skj converges a.u. The above technique was motivated in part by a paper of S. Mazur [2] who considered rearrangements of (C, 1) summable series. The author is deeply grateful to the referee for greatly simplifying the original argument.
